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1. SHARP BOUNDS FOR THE ERROR 
In the first part of this paper, we shall suppose that f : I c R --+ R be of class C@)(P). Let 
[a, b] c 1’ and let m, M be real numbers, --oo < m I h4 < co such that 
m I f”(z) I M, vx E [(.z,b]. (1) 
Let us denote 
A := f’(a) + f’(b) - 2f’ 
( > 
$ . (2) 
THEOREM 1. Let f E C(2)(1”) and [a, b] & I’. If M, m, and A are defined by (1) and (2), then 
IJ ub f(x) da: - f(a) ; f(b) (b _ a) + f’(b) ; f’(a) (b _ a)2 (b ;8a)3 (M + m) 
+q(!+!)“-(A)‘]. 
(3) 
It seems unusual at first glance that the last term in (3) contains maximum and minimum of 
the function f”. 
But, this term is really important, as one can easily see from the following example. 
EXAMPLE 1. Let f(x) = x2, Then A4 = m = 2 and it holds that 
s ab f(x) dx = f(a) f f(b) (0 _ a) _ f’(b) ; f’(a) (b _ a)2 ; (b ,,“‘” (M + m). (4) 
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It is easy to check that the formula is also valid for all polynomials of degree two since it 
obviously holds for polynomials of the first degree. The same is true for the polynomials of third 
degree. 
EXAMPLE 2. If f is a polynomial of third degree, then (4) holds. 
Denote f = fl + f~, where fi (z) = (YX~, fz (z) = px2 + yx + 6. Function f2 satisfies (4). We 
have 
min f”(x) = m = min(6aa + p, 6ab + P} 
= min{6aa, 6ab) + ,8 = min f;(x) + min f:(z) 
and similarly for M = maxf”(x). Hence, it is sufficient to check that f(x) = x3 satisfies (4). 
The last term on the left side in (3) can be moved into the estimation term on the right side. 
If we denote 
then for the choice M = M2, m = -Mz, this term vanishes, and we obtain the following. 
COROLLARY 1. For all functions f E C(2)(1o), we have 
IJ ab f(x) dx - fca) ; fib) (b _ u) + f’cb) ; f’(‘) (b _ u)2 1+[(b-u)3-(&)3]. (5) 
In the proof of Theorem 1, we use a similar idea as in [l]. Thus, the starting point is Hayashi 
modification of the well-known Steffensen’s inequality. 
THEOREM 2. Let F : [u,b] + R be a nonincreasing mapping on [a, b] and G : [a, b] -+ R an 
integrabJe mapping on [u, b] with 0 5 G(x) _< A, for all x E [a, b]. Then 
J 
b b a+X 
A F(x) dx < s F(x)G(x) dx 2 A J F(x) dx, (6) b-X a a 
where A = (l/A) s,” G(x) dx. 
PROOF OF THEOREM 1. Let us denote c:= (a+ b)/2. We shall apply Theorem 2 for 
F(x) = 
(x - c)2, ULXLC, 
-(x - c)~, c I x 5 b, 
and 
Then 
G(x) = 
M - f”(x), a I x < c, 
f”(x) - m, c<x<b. 
O<G(x)IM-m=:A 
and 
(J a ‘(M-f”(~))dx+/~(f”(x)-m)dx b-u c =-;i--t-A, 
(7) 
(8) 
(9) 
where A is defined by (2). 
Two cases are possible: 
(a) A 5 0, and 
(b) A 2 0. 
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CASE (a). A 5 0 implies X < (b - a)/2. The left and right term of Hayashi inequality (6) are: 
s 
b 
q=(M-m) F(z) dz, a2 = (M -m) 
s 
a+X 
F(x) dx. 
b-X a 
Since F is a piecewise quadratic function with graph which is symmetric with respect to the point 
(c, 0), it is easy to see that it holds cys = -or. Therefore, it is sufficient to calculate 
or = (M - m) 
s 
,“, L--(x - c)‘] dx 
__E$[(~)3+(_!Y)3j. 
(10) 
CASE (b). The case holds that X > (b - a)/2 and the similar calculation gives 
cl1 = - y? [(!y)“- (+y3]. (11) 
Now, we need only to calculate the middle term in Stefenssen’s inequality, using integration 
by parts: 
I = 
s 
ac(x - c)~ (M - f”(x)) dx - jb(x - c)’ (f”(x) - m) dx 
c 
= -2 
[J 
ab f(x) dx _ f(a) ; jtb) (b _ o) + f’(b) ; “(a) (b _ o)2 _ v(M + m) 1 . 
This proves the theorem. 
The implementation of this result to trapezoidal rule is obvious. Let us take a partition 
a = x0 < x1 = x0 + h < . . . < xn = zo + nh = b and apply Theorem 1 to each subinterval 
[xi, zi+r]. Then we obtain the following. 
COROLLARY 2. Let f E C(2)(1”). It holds that 
fbd + f(a) + ‘. . + f(x,-1) + -7j-- 1 
(b - a)2 
- TV’(b) - f’(41 + $g(M+m)+R, 
(12) 
and 
l&l I s(b-a)3. (13) 
Again, we can take M = -m = Ms to simplify this formula. 
2. IMPROVEMENT OF A RESULT 
OF AGARWAL AND DRAGOMIR 
THEOREM 3. Let f : I c R + R be a differentiable mapping on I0 and 
numbers m and M satisfy 
m < f@) - f(‘) <M - x-a - 
and 
m < f(b) - f(x) < M - b-x - ’ 
[a, b] c 1’. Let real 
(14) 
(15) 
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forallxE [a,b]. Uf ’ is integrable on [a, b], then 
1 b I-J b-a a f(z) dz _ f(a) + ‘(‘) < 2 _ [f(b)-f(a)-m(b-a)l[M(b-a)-f(b)+f(a)l 2(M - m)(b - a) (16) 
Recently, Agarwal and Dragomir [l] proved 
A4 = sup f’(z) < 00, 
~ela,bl 
(M > m). 
inequality (16) with numbers M and m defined as 
m = z$afbl f’(z) > -oo (17) 
Necessary and sufficient conditions for extension of Steffensen’s inequality are given in [3]. 
Concerning the Hayashi form of this inequality, (6) holds if and only if G satisfies 
and 
b 
05X J G(t) dt 5 (b - x) z J b G(t) dt (18) a
05X J z G(t) dt 5 (x - a) J b G(t) dt. (19) a a 
Using this form, we obtain inequality (16) under a weaker condition on function f. In fact, we 
replace definition (17) of bounds m and M with (14) and (15). 
PROOF OF THEOREM 3. Let us take F(z) = a - z, G(z) = f’(z) - m, and 
x = f(b) - f(o) - m(b - a) 
M-m . 
From (14) it holds that X 2 0. We claim that for such a choice, conditions (18) and (19) are 
satisfied. Namely, it holds that 
s 
b 
(f’(s) - m) dx = f(b) - f(x) - m(b - x) 2 0 
2 
and the right side of (18) is equivalent to 
f(b) - f(a) - m(b - 4 
M-m 
. [f(b) - f(x) - m(b - x)] 5 (b - x)[f(b) - f(a) - m(b - a)], 
which is true since (15) holds. Therefore, (18) is satisfied. In the same way, we conclude that (19) 
holds. 
Applying inequality (6) in the same way as in [l], we obtain Theorem 3. 
For m = -M, Theorem 3 gives the following. 
COROLLARY 3. Let f : I c R -+ R be a differentiable mapping on I” and [a, b] c I” such that 
it holds 
If(x) - f(a)1 I M(x - a), If(b) - f(x)1 5 M(b - z), (20) 
for all x E [a, b]. If f ’ is integrable on [a, b], then 
1 b I-J f(z) dx _ f(a) + f(b) < M(b - a) _ (f(b) - f(4)2 b-a a 2 -4 4M(b-a) ’ (21) 
Moreover, Corollary 3 and Theorem 3 are equivalent, in the sense that we can also obtain 
Theorem 3 from Corollary 3. Indeed, let conditions (14) and (15) be valid. It is clear that these 
conditions can be given in the following form: 
If(z) - ?(a)] 5 Mr(a: -a) and If(b) - f(x)] < Ml@ - z), 
where f(s) = f(x) - ((M + m)/2) z and Ml = (M - m)/2. So if we apply Corollary 3 on J, i.e., 
using (21) for $, we shall obtain (16). 
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3. FURTHER GENERALIZATIONS 
A further inspection of the previous proof shows that the differentiability condition for f is not 
needed. More generally, instead of (14) and (15), we can suppose that f satisfies 
If(x) - f(a)1 5 F(x - a), (22) 
If(b) - f(x)1 5 w - x). (23) 
for some function F. Then, we have 
max{f(a) - F(x - a), f(b) - F@ - x)1 I f(x) 
I min{f(a) + F(x - a), f(b) + F(b - x)}. (24) 
Since min{cr, p} = (1/2)(c~ + p - I/3 - al), m={a, P) = (l/W + P + IP - aI), (a, P E R), (24) 
is equivalent to 
f [f(a) + f(b) - F(x - a) - F(b - x)] + $f(b) - f(a) + F(b - x) - F(x - a)l i f(z) 
< f [f(a) -t- f(b) + F(x - a) + F(b - x)] - ;lf(b) - f(a) - F(b - x) + F(x - a)l. 
(25) 
Integrating and observing that s,” F(x - a) dx = Ji F(b - x) dx holds, we obtain the following. 
THEOREM 4. Let f and F be integrable functions on [a, b] such that (22) and (23) hold true. 
Then 
IJ abf(4dx - 
5 
J 
b 
a 
F(x-a)dx-; J ab If(b) - f(a) + F(b - x) - F(x - a)1 dx. 
The most important case is F(x) = Bx*, (B,p > 0). In this case, the following theorem is 
valid. 
THEOREM 5. Let f be an integrable function on [a, b] such that for p > 0, B > 0 we have 
If(x) - f(a)1 I B(x - alp and If(b) - f(x)1 5 B(b - x)*. (26) 
Then the following inequality is valid: 
1 b l-J b-a a f(x) dx - &f(a) + f(b)) (27) 
where [ is the real root of the equation 
[* - (1 - ty = q (28) 
and 
(29) 
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PROOF. We shall apply Theorem 4 for F(z) = Bx? 
IJ ab f(x) dx - f(u) ; f@) (b - u) 
5 B 
J 
ab(x - a)” dx - ; 1” If(b) - f(a) + B(b - xjP - B(x - aJPI dx 
= -&J - .>‘+l - f Jk” If(b) - f(u) -I- B(b - x)” - B(x - u)~I dx (30) 
= B(b - u)~ [~-;~bl!?+(~)p-(~)p;dx] 
= B(b - u)~+’ 
Inequality (25) in our case gives 
$14 +h(t)1 + IQ - NW I s(t), 
where g(t) = tP + (1 - t)” and h(t) = tP - (1 - t)P, i.e., 
Since 0 < Ih( I g(t) (0 6 t 5 1) and 
(31) 
1, O<p<l, 
k(P) = ()$p(t) = 1 
-- - p>l. 2P-1’ 
It follows from (31) that 
Id 5 k(p). 
Therefore, the equation q - h(t) = 0 has a unique real solution t = < E [0, 11. So 
J ’ 0 (4 - tP + (1 - t)“l dt = 4(2< - 1) + --& (1 - tp+’ - (1 - ,),+l) 
= q(2E - 1)+ g&(1 - cp + Q - 62). 
From (30), we obtain (28). 
COROLLARY 4. Let f be an (7~ - l)-time differentiable function such that f(n-l) js jntegrabje 0~ 
[a, b] and for 0 < a 5 1, 
(lo) If’“-“(X)1 I M(z - a)“, pl)(z)I 5 M(b - xp, 
(2’) f’“‘(a) = f(“)(b) = 0, (k = 1,. . . ,n - l), n E N. 
Then 
(32) 
where q is the real root of the equation 
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(a + n - l)(n-r) 
Q = M(b - a)a+n-l (f(b) - f(o)), p(m)=p(p-l)..*(p-m+l), mEN. 
PROOF. According to Condition lo, we have 
-M(x - a)” < f’“_l’(a) 2 M(z - a)a 
and 
-M(b - x)* 5 f ‘“-l’(z) I M(b - x)a. 
Using Condition 2’ and the (n - 1)-time successive integration of the last inequalities on (0, x) 
and (z, b), respectively, we get 
f(u) _ M (x - c+*-l (x - u)a+n-l 
(a + n _ l)(n-1) 5 fCx) 5 fCa) + M (a + n - 1)(n-1) 
and 
i.e., 
and 
a+n-1 
f(b) - M (b-x) 0) - q+n-1 
(a + n _ l)(n-1) 5 fCx) 5 f(b) + M(a + n _ 1)(n-1) ’ 
If(b) - f(x)1 I M 
(b - q+n-1 
(a! + n - l)(n-l). 
Now it is obvious that we can apply Theorem 5 with B = M/(cY + TI - l)(“-‘1 and p = (Y + ‘n - 1, 
which gives the result. 
REMARK. Condition 1” is valid if f(‘+‘r) E C, (with the constants M and 0 5 (Y 5 l), where C, 
is the space of continuous functions which satisfies the Lipschitz condition of order (Y. Such results 
were obtained in [2]. 
REMARK. The following special case of Corollary 4 should be compared with Corollary 1. 
Let f be a differentiable function such that f’ is integrable, f’(u) = f’(b) = 0, If’(z)] < 
M(a: - a), and If’(z)] I M(b - z), Vx E [u,b]. Then 
I 1 & a b f(x) dx - f(f(u) + f(b)) 5 “‘b2; u)2 - f . ‘y&-$y2. 
This is an improvement of a result given in Corollary 1 from [2]. 
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